In a capacitated multi-item dynamic pricing problem one maximizes the profit by choosing a proper production level as well as pricing policy, where the latter depends on a satisfied demand. The objective function involves inventory, production and setup costs, and revenue functions. The products are required to satisfy joined production capacities. We consider a bilinear reduction of the linear mixed integer formulation of the problem and prove that the problem is equivalent to finding a global maximum of the bilinear problem. A heuristic algorithm is proposed, based on the reduction technique. Numerical experiments confirm the efficiency of the proposed technique. Supply chain problems with fixed costs and production planning problems involving lotsizing have been active research topics during the last decades. Many research papers have addressed single-item problems with additional important features such as backlogging, constant and varying capacities, and different cost functions (see, e.g., Florian and Klein [9], Gilbert [11], Hoesel and Wagelmans [14], and Laparic et al. [23] and [24]). It is well known that uncapacitated problems can be reduced to a shortest path problem. Florian and M. Klein [9] have studied the capacitated single-item problems, where they characterized the optimal solution and proposed a simple dynamic programming algorithm for problems in which the capacities are the same in every period. The algorithm also can be viewed as a shortest path problem. The single-item problems with varying capacities are known to be NP-hard. A classification of different problems and a survey on existence of a polynomial algorithm for solving problems for different classes can be found in Wolsey [33], and Pochet and Wolsey [30]. Tight formulations for polynomially solvable problems are discussed in Miller and Wolsey [26], and Pochet and Wolsey [30]. Almost all practical problems involve multiple items, machines and/or levels, and polynomial results for those problems are limited. Using binary variables, one can construct a mixed integer linear programming (MIP) formulation of the problem. Different approaches to solve fixed charge transportation problems using the branch-and-bound method are discussed by Barr et al. [1], Cabot and Erenguc [6], Gray [12], Kennington and Unger [17], and Palekar et al. [29], where the authors employ penalty and decomposition techniques using the special structure of the feasible region. Marchand et al. [25] discuss cutting plain methods to solve general mixed integer problems. In addition, Cooper and Drebes [7], Diaby [8], Khang and Fujiwara [18], Khun and Baumol [22], and Hoesel Wagelmans [13] discuss approximate techniques based on linear problems. Kim and Pardalos [19] proposed a dynamic slope scaling procedure to find an approximate solution to the fixed charge network flow problem. In [20] the authors developed a variation of the procedure to solve concave piecewise linear network flow problems.
Introduction
In this paper we discuss a capacitated multi-item dynamic pricing (CMDP) problem where one maximizes the profit by choosing a proper production level as well as pricing policy for each product. In the problem, the demand is a decision variable, and in order to satisfy a higher demand one needs to reduce the price of the product. On the other hand, reducing the price can decrease the revenue, which is the product of the demand and the price. In addition, the problem includes an inventory and production cost for each product, where the latter involves a setup cost. The objective of the problem is to find an optimal production strategy, which maximizes the profit subject to production capacities that are "shared" by the products. Different profit maximization or pricing variants of the single-item uncapacitated problem with deterministic demands are discussed by Gilbert [11] , Loparic et al. [24] , and Thomas [32] . A capacitated single-item problem with time invariant capacities is discussed by Geunes et al. [10] . The polynomial algorithms proposed by the authors are based on the corresponding results for the lot-sizing problems.
In addition, there are some similarities between pricing problem discussed in this paper and a scheduling problem in a power generating system discussed by Bertsekas et al. [5] .
To solve the scheduling problem, the authors applied the Lagrangian relaxation method.
Recently we have proposed a bilinear reduction technique, which can be used to find an approximate solution of concave piecewise linear and fixed charge network flow problems (see [27] and [28] ). However, because of a different structure of the objective function, these methods cannot be directly applied to the CMDP problems. To solve the problem we consider another bilinear reduction of the problem with a disjoint feasible region and prove that solving the CMDP problem is equivalent to finding a global maximum of the bilinear problem. Although there are several cutting plain algorithms to find a global solution of general bilinear problems (see, e.g., Konno [21] , Sherali and Shetty [31] , and Horst and Tuy [16] ), they employ a procedure, which converges to a local optimum of the problem, and overall performance of the procedures depends on the quality of found local solutions. The bilinear reduction of the CMDP problem typically has numerous local maxima; therefore, the algorithm may require many cuts. In this paper we propose a heuristic algorithm for finding a global solution of the bilinear reduction using approximate problems. In each iteration, the algorithm employs a well known iterative procedure to find a local maximum of the approximate problem (see, e.g., [15] and [16] ) and decreases the approximation parameters. Numerical experiments on randomly generated problems confirm the efficiency of the algorithm.
For the remainder, Section 2 provides a linear mixed integer formulation of the problem and discusses a bilinear reduction of the problem. We prove that solving the CMDP problem is equivalent to finding a global maximum of the bilinear reduction. In Section 3 we propose a heuristic algorithm for solving the bilinear problem. Numerical experiments on the algorithm are provided in Section 4, and finally, Section 5 concludes the paper.
Problem Description
In this section we provide a nonlinear mixed integer formulation of the problem. Using some standard linearization techniques, the problem can be simplified. To solve the problem, we propose a bilinear reduction technique and prove some properties of the bilinear problem.
Let P and ∆ represent the set of products and discrete times, respectively. In addition, let f (p,j) (d) denote the price of product p at time j as a function of the demand d, and g (p,j) (d) = f (p,j) (d)d, i.e., g (p,j) (d) represents the revenue obtained from selling d amount of product p at time j. In the problem, we assume that f (p,j) (d) and g (p,j) (d) are nonincreasing and concave functions, respectively (see Figures 1 ). If f (p,j) (d) is a concave function, then it is easy to show that concavity of g (p,j) (d) follows. Let x (p,i,j) denote an amount of product p that is produced at time i to satisfy the demand at time j, and y (p,i) represent a binary variable, which equals one if product p is produced at time i and zero otherwise. Assume that inventory costs, c in (p,i,j) , production costs, c pr (p,i) , and setup costs, c st (p,i) , as well as production capacities, C i , are given, where p, i, and j represent the product, producing time, and selling time, respectively. The following is the mathematical formulation of the CMDP problem.
p∈P j∈∆|i≤j
The objective function of the problem maximizes the profit, which is the difference between the revenue and the costs. The latter includes the inventory as well as the production costs. The first constraint ensures the satisfaction of the capacity restrictions, and the second one makes sure that y (p,i) equals one if j∈∆|i≤j x (p,i,j) > 0. In the above formulation, i∈∆|i≤j x (p,i,j) represents the demand of product p that is satisfied in the period j.
Although the above formulation belongs to the class of nonlinear mixed integer programs, using standard techniques one can approximate the revenue function by a piecewise linear one and linearize the objective function. Doing so, observe that from the concavity of the revenue function it follows that there exists a point,d (p,j) , where the function reaches its maximum (see Figure 1 ). As a result, producing and selling more thand (p,j) is not profitable, and at optimality i∈∆|i≤j x (p,i,j) ≤d (p,j) . To linearize the revenue function, divide 0,d (p,j) into N intervals of equal length. Let d k (p,j) denote the end points of the intervals, i.e., d k (p,j) = kd (p,j) /N , ∀k ∈ {1, . . . , N } {0} = K {0}, and g k (p,j) represents the value of the revenue function at the point d k
. Using those parameters, construct the functioñ
where it is required that
and λ k (p,j) = 0 for at most two consecutive indices k. Observe that g (p,j) (d) is a concave nondecreasing function on the interval 0,d (p,j) ; therefore, its piecewise linear approximation, i.e.,g (p,j) (λ (p,j) ), preserves the same property. From the latter, it follows that in the maximization problem the requirement on λ k (p,j) being positive for at most two consecutive indices k can be removed from the formulation, and it is satisfied at optimality (for details see Chapter 11, Bazaraa et al. [2] , Beale and Tomlin [3] , and Beale and Forrest [4] ). The following is the mathematical formulation of the approximation problem: max x,y,λ p∈P j∈∆ k∈K
λ k (p,j) = 1, ∀p ∈ P and j ∈ ∆,
Next, we simplify the formulation using nonnegative variables
represents the amount of product p that is produced at time i and sold at time j using the unit price g k
). Doing so, the third constraint in the above formulation can be replaced by the following one:
The latter can be used to remove the variable λ k (p,j) from the formulation. In particular, the fourth constraint is replaced by
and in the objective
The following is the resulting alternative formulation of the approximation problem, which we refer to as ACMDP:
j∈∆|i≤j k∈K
k∈K i∈∆|i≤j i) . Observe that at optimality x * k (p,i,j) = 0 for all indices such that q k (p,i,j) ≤ 0, and those variables can be removed from the formulation. Therefore, without lost of generality, in the analysis below, we assume that q k (p,i,j) > 0. Define X = {x|x ≥ 0 and x k (p,i,j) are feasible to (1) 
x ∈ X and y ∈ Y.
Theorem 1 Any local maximum of the ACMDP-B problem is feasible or can be transformed into a feasible solution of the ACMDP problem with the same objective function value.
Proof: Let (x * , y * ) denote a local maximum of the ACMDP-B problem. Observe that by fixing x to the value of the vector x * , the ACMDP-B problem reduces to a linear one, and y * is an optimal solution of the resulting problem. Assume that ∃p ∈ P and i ∈ ∆ such that
then it is possible to improve the objective function value by assigning y * (p,i) = 0 or y * (p,i) = 1, respectively. The latter contradicts the optimality of (x * , y * ). On the other hand, if j∈∆|i≤j k∈K q k (p,i,j) x * k (p,i,j) − c st (p,i) = 0 then by changing the value of the variable y * (p,i) to zero the objective function value remains the same. Construct a vectorŷ, whereŷ (p,i) = y * (p,i) . Note that (x * ,ŷ) is feasible to constraints (1), (3) and (4). If (x * ,ŷ) violates constraint (2) then ∃p ∈ P and i ∈ ∆ such
and it is not profitable to produce product p at time i. Furthermore, by assigning x * k (p,i,j) = 0, ∀j ∈ ∆ and k ∈ K, the objective function value of the ACMDP-B problem remains the same. Letx denote the resulting vector, i.e.,
The vector (x,ŷ) is feasible to the ACMDP as well as the ACMDP-B problem and has the same objective function value as (x * , y * ).
Theorem 2 A global maximum of the ACMDP-B problem is a solution or can be trans-
formed into a solution of the ACMDP problem.
Proof: Observe that any feasible solution of the ACMDP is feasible to the ACMDP-B
problem. Furthermore, if (x, y) is feasible to the ACMDP problem then
From the latter it follows that the ACMDP-B problem can be obtained from ACMDP by replacing the objective function by
Procedure 1 :
Step 1: Let y 0 denote an initial binary vector of y (p,i) . m ← 1.
Step 2: Let x m = argmax{LP (y m−1 )}, and y m = argmax{LP (x m )}.
Step 3 of the ACMDP problem.
The above two theorems prove that solving the ACMDP problem is equivalent to finding a global maximum of the ACMDP-B problem. In particular, one can solve the ACMDP-B
problem and if the solution is not feasible to the ACMDP problem, then use the method described in the proof of Theorem 1 to construct a feasible one with the same objective function value.
Solution Algorithm
In this section we discuss a heuristic algorithm for solving the ACMDP-B problem, which employs a well known iterative procedure for finding a local maximum of the ACMDP-B problem.
Observe that the problem belongs to the class of bilinear programs. By fixing vector
x or y to a particular value, the problem can be reduced to a linear one. Let LP (x) and LP (y) denote the corresponding linear programs, i.e.,
. Notice that the solution of the LP (x) is easy to obtain. In particular,
is an optimal solution of the problem. The Procedure 1 describes a well known algo-rithm, which starts from an initial binary vector and converges to a local maximum of the ACMDP-B problem using a finite number of iterations (see [16] or [15] ). However, the procedure has the following disadvantage.
Let (x m , y m ) represent the solution obtained on iteration m, and assume that ∃p ∈ P and i ∈ ∆ such that y m (p,i) = 0. As a result, in the LP (y m ) problem q k (p,i,j) y m (p,i) = 0, ∀j ∈ ∆, i ≤ j, and k ∈ K, and perturbations of the values of the corresponding variables x k (p,i,j) do not change the objective function value. Furthermore, because the products "share" the capacity and other products can have a positive cost in the LP (y m ) problem, it is likely that the value of the variable x mk (p,i,j) decreases in the next iteration. From the latter it follows that y m+1 (p,i) = 0. To summarize, if y m (p,i) = 0 then it is likely that i) y n (p,i) = 0, ∀n > m, and ii) the final solution is far from being a global one. To overcome those difficulties, next we propose an approximate problem, which avoids having zero costs in the objective of the LP (y) problem.
where ε (p,i) > 0 and x (p,i) is the vector of x k (p,i,j) . It is easy to show that both functions have the same value, ε (p,i) , on the hyperplane j∈∆|i≤j k∈K q k
where ε denotes the vector of ε (p,i) . The function ϕ ε (x, y) depends on the value of the vector ε, and ϕ ε (x, y) ≥ ϕ(x, y), for all ε > 0 and (x, y) feasible to the ACMDP-B problem.
Observe that if ε → 0 then ϕ 2 (p,i) (x (p,i) ) → 0, and ϕ ε (x, y) → ϕ(x, y). In that sense, ϕ ε (x, y) is an ε-approximation of ϕ(x, y), and it approximates the function from above.
By replacing the objective function of the ACMDP-B problem by the function ϕ ε (x, y), we refer to the resulting problem as ε-approximation of the ACMDP-B problem and denote by ACMDP-B(ε).
Theorem 3 There exists a sufficiently small ε > 0 such that a solution of the ACMDP-B
problem is a solution of the ACMDP-B(ε) problem.
Proof: Let (x * , y * ) denote a vector solution of the ACMDP-B problem. As we have shown in the proof of Theorem 1, (x,ŷ) is an alternative solution of the ACMDP-B problem, whereŷ (p,i) = y * (p,i) andx is computed according to the formula (5) . Furthermore, from the Theorem 2 it follows that (x,ŷ) is a solution of the ACMDP problem. Observe that according to formula (5) for all p ∈ P and i ∈ ∆ either j∈∆|i≤j k∈K q k (1 − y (p,i) ) x k (p,i,j) . As before, the solution of the LP ε (x) problem is easy to obtain by assigning
.
The heuristic procedure (see Procedure 2) starts with a sufficiently large ε and finds a local maximum of the resulting ε-approximation problem. If the stopping criteria is not satisfied in Step 3 then it decreases the value of the vector ε to αε, where α is a constant from the open interval (0, 1), and the process continues using a new ε-approximation problem. Observe that Procedure 2 uses vector y m from the previous iteration as an initial Procedure 2 :
Step 1: Let ε (p,i) be a sufficiently large number, and y 0 be such that y 0 (p,i) = 1, ∀p ∈ P and i ∈ ∆. m ← 0.
Step 2: Construct the ε-approximation problem ACMDP-B(ε) and run Procedure 1 to find a local maximum of the problem, where y m is an initial binary vector. Let (x m+1 , y m+1 ) denote the local maximum.
Step 3: If ∃p ∈ P and i ∈ ∆ such that j∈∆|i≤j k∈K q k (p,i,j) x Procedure 3 : Assign x k (p,i,j) = 0, ∀p ∈ P , i, j ∈ ∆, and k ∈ K for all p ∈ P and i ∈ ∆ dô
vector. Let (x * , y * ) denote the solution returned by the procedure. From the stopping criteria it follows that for all p ∈ P and i ∈ ∆ either j∈∆|i≤j k∈K q k (p,i,j) x * k (p,i,j) > c st (p,i) and y * (p,i) = 1 or x * k (p,i,j) = 0, ∀k ∈ K, j ∈ ∆, i ≤ j and y * (p,i) = 0; therefore, x * and y * are solutions of LP (y * ) and LP (x * ) problems, respectively. Because (x * , y * ) solves those two linear problems, and y * is a unique solution of LP (x * ), one concludes that it is a local maximum of the ACMDP-B problem.
The procedure depends on two parameters: the initial vector ε and the value of α. The value of ε (p,i) depends on parameters of the problem, and one can consider them equal to the maximum profit, which can be obtained by producing only product p at time i. Although such maximization problem is easy to solve using standard LP solvers, for large |P | and |∆| one finds computationally expensive solving the problem for all pairs (p, i) ∈ P × ∆.
Instead, we propose an algorithm for finding the values of ε (p,i) (see Procedure 3) . Observe that x k (p,i,j) ≤ d k (p,j) , and the maximum additional profit that can be obtained using the variable x k (p,i,j) is q k (p,i,j) d k (p,j) . Using this property, for all pairs (p, i) the procedure iteratively finds the maximum among q k (p,i,j) d k (p,j) and assigns the demand (or the remanning of the capacity) to the corresponding variable x k (p,i,j) . The value of ε (p,i) is computed based on the formula ε (p,i) = j∈∆|i≤j k∈K q k (p,i,j) x k (p,i,j) − c st (p,i) . As for the parameter α, a larger value increases the computational time of the procedure, and it is likely to provide a better solution.
Numerical Experiments
In this section we discuss numerical experiments conducted on randomly generated problems. The problems are solved by Procedure 1 as well as Procedure 2 using different values for the parameter α. The latter procedure employs Procedure 3 to find an initial value for the vector ε. In addition, we solve the problems by the MIP solver of CPLEX using the ACMDP formulation. In the cases where the MIP solver is not able to solve large problems within posted CPU and memory limitations, we compare the solutions of the procedures with the best solutions found by CPLEX. The main purpose of the computations is the performance of the procedures for different capacities.
In the numerical experiments we consider problem sets with different numbers of products, |P | = 5, 10, or 20, and time horizons, |∆| = 12 or 52. For each problem set we randomly generate capacities for all i ∈ ∆ using the formula C i = |P |U , where U is a random number uniformly generated from interval [10, 100] Note that all intervals allow generating capacities that are tight at optimality with respect to the revenue function discussed below. In addition, using term |P | one generates capacities that depend on the number of products. The latter allows comparing of results across different numbers of products. As for the costs, we generate the production costs c pr (p,i) and the inventory costs c in (p,i) for each product p and period i according to the uniform distributions U [20, 40] and U [4, 8] , respectively. Observe that on average the inventory cost is equal to 20% of the production cost. Using c in (p,i) , the inventory cost between i and j periods is computed based on the formula c in (p,i,j) = i<r≤j c in (p,r) . Finally the setup cost c st (p,i) is generated uniformly from interval [600, 1000].
In the experiments we restrict ourself by considering only linear price functions of the
To avoid generating functions that at optimality result in unrealistically large profits, we introduce an index β, where
That is, the index measures the amount of the profit per unit of investment and it is computed based on the optimal or the best solution provided by CPLEX. By generating f max (p,j) and d max (p,j) according to the uniform distributions U [70, 90] and U [500, 1000], respectively, at optimality i) β ∈ [0.7, 1.3], ii) all capacities considered above are tight, and iii) in most of the cases the satisfied demand is less thand (p,j) (see Figure 1 ). In addition, the proposed price function and distributions of the costs and capacities allow generating problems that have an optimal objective function value ranging from hundreds of thousands to several millions. Finally, in the construction of the piecewise linear approximation of the revenue function we use N = 10.
The model is constructed using the GAMS environment and solved by CPLEX 9.0 with a CPU restriction of 2000 sec. and a memory restriction of 2Gb, where the latter is the memory that is required to store the tree in the branch-and-bound algorithm. Computations are made on a Unix machine with dual Pentium 4 3.2Ghz processors and 6GB of memory. The results are tabulated in the Appendix.
In the experiments we solve 10 randomly generated problems for each problem set and capacity. Tables 1 and 2 compare the results provided by CPLEX with the solutions provided by both procedures. The relative error is computed using the formula
RE(%) =
Obj CP LEX − Obj P roc.2 (1) Obj CP LEX 100.
In the Table 1 , column A indicates the number of problems where the heuristic procedure finds a better solution than CPLEX. Note that CPLEX is able to provide an exact solution for all capacities from the problem set 5-12. In all other cases, the solver stops after reaching the CPU limit or the memory limit and returns the best found solution. Although the relative optimality gap of the final solutions of those problem sets varies from 2% to 5%, we believe that the solution is an optimal or close to an optimal one, and the large optimality gap is due to imperfect lower bounds. The fact that the heuristic procedures provide a slightly better solution in the case with |∆| = 52 than |∆| = 12 partially confirms our assumptions.
The relative errors in the Table 1 confirms the effectiveness of the heuristic procedure.
In particular, in the majority of the problems the heuristic algorithm is able to provide a solution within 1% from the optimal one or the best one provided by CPLEX. Observe that the larger value of α provides a better solution and the number of problems where the heuristic procedure finds a better solution than CPLEX is increasing with the size of the problem. By comparing with the solutions provided by Procedure 1 (see Table 2 ) one notices that Procedure 2 outperforms the Procedure 1, and it is more stabile to the changes in the capacities. As for the CPU time (see Table 3 ), the heuristic procedures require less resources than CPLEX. In addition, unlike CPLEX the heuristic procedures do not require gigabytes of memory to store the tree.
Concluding Remarks
We have discussed a bilinear reduction scheme for the capacitated multi-item dynamic pricing problem, where solving the latter is equivalent to finding a global solution of the former. Based on theoretical results of the reduction problem, two procedures have been proposed to find a global maximum of the problem. The first one is a well known technique and has been intensively used to solve other bilinear problems. Because of the reasons discussed in Section 3, in the very beginning of the iterative process the procedure eliminates some products from the further consideration. The latter worsen the quality of the solution returned by the procedure. In the second procedure we construct approximate problems and gradually decrease parameters of the problems. As a result, during the iterative process the costs of the eliminated products remain positive and the procedure considers them again if need be. Although the second procedure requires more CPU time to stop than the first one, it provides a higher-quality solution.
The discussed technique can be easily applied to other pricing problems with a different pricing policy, e.g., a discounting policy, or a problem with backlogging. In addition, the technique can be applied to other production planning or supply chain management problems with additional restrictions on the feasible region.
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